ABSTRACT. Let H be a full Hilbert bimodule over a C * -algebra A. We show that the Cuntz-Pimsner algebra associated to H is exact if and only if A is exact. Using this result, we give alternative proofs for exactness of reduced amalgemated free products of exact C * -algebras. In the case that A is a finite-dimensional C * -algebra, we also show that the Brown-Voiculescu topological entropy of Bogljubov automorphisms of the Cuntz-Pimsner algebra associated to an A, A Hilbert bimodule is zero.
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INTRODUCTION AND DESCRIPTION OF RESULTS.
A C * -algebra A is said to be exact if the functor B → B ⊗ min A preserves short exact sequences of C * -algebras and * -homomorphisms. Recently there has been great progress in understanding exact C * -algebras, much of it due to E. Kirchberg and to Kirchberg and S. Wassermann; (see [15] , [16] , [17] , [18] , [19] ). A good general reference for exact C * -algebras is Wassermann's monograph [34] .
In [23] , M. Pimnser introduced a construction of C * -algebras E(H) and O(H), respectively called the extended Cuntz-Pimsner algebra and the Cuntz-Pimsner algebra of a Hilbert C * -bimodule H over a C * -algebra B; we will review his construction at the beginning of §2. (In this paper we always assume that the Hilbert module H is full as a right B-module, i.e. that span { ξ, η | ξ, η ∈ H} = B; for a good general refernce on Hilbert C * -modules, see the monograph of Lance [20] .) The C * -algebras E(H) and O(H) are quite important and appear in several areas of operator theory. They are central in work of Muhly and Solel [22] on triangular operator algebras analogous to the algebra of analytic Toeplitz operators on the circle, and their ideal structures have been studied in [7] , [13] and [21] , (see also [24] ).
Moreover, the C * -algebra E(H) is related to freeness in the sense of Voiculescu [31] , (see also the book [33] ). For example, Speicher [29] has proved that if H = H 1 ⊕H 2 then E(H) is isomorphic to the reduced amalgmated free product of C * -algebras E(H 1 ) and E(H 2 ), amalgamating over B with respect to the canonical conditional expectations E(H ι ) → B. The algebras E(H) are also the natural setting for operator-valued analogues of the Gaussian functor. The extended CuntzPimsner algebras have been important in work related to freeness [26] , [27] of the second named author.
In §2 of this paper we show that if B is an exact C * -algebra and if H is any Hilbert B, Bbimodule then the C * -algebras E(H) and O(H) are exact. The inspiration for our investigation came from the first named author's recent result [8] that every C * -algebra arising as the reduced amalgamated free product of exact C * -algebras is exact. Moreover, our proof here of exactness of E(H) resembles at its core the proof found in [8] of exactness of reduced amalgamated free products; in both cases, exactness is proved by in some sense compressing to words of length n and proving exactness of the resulting compressed C * -algebra by using a chain of ideals of length n + 1. This paper's main result on exactness of E(H) can be used to give a new proof of the main result of [8] . More sepcifically, in §4 we show that if (A, φ) = (A 1 , φ 1 ) * B (A 2 , φ 2 ) is a reduced amalgamated free product of C * -algebras (amalgamating over B with respect to conditional expectations φ ι : A ι → B) then A is a quotient of a subalgebra of E(H), for some Hilbert C * -bimodule H over A 1 ⊕ A 2 ; if A 1 and A 2 are exact then from the exactness of E(H) we may conclude that A is exact. Before giving this argument, however, we consider in §3 a special case and give an easier argument showing that if (A, φ) = (A 1 , φ 1 ) * (A 2 , φ 2 ) is a reduced free product (i.e. amalgamating over only the scalars, C), then A can be embedded in E(H) for some Hilbert C * -bimodule over A 1 ⊗ min A 2 ; this in turn implies the special case of the main result of [8] that the class of unital exact C * -algebras is closed under taking reduced free products. (See [10] for a simpler version of the argument of [8] in a special case.)
Topolgical entropy for automorphisms of unital nuclear C * -algebras was invented by Voiculescu [32] and was extended by N.P. Brown [2] to apply to automorphisms of exact C * -algebras. It has many natural properties, and when applied to automorphisms of commutative C * -algebras gives the usual topological entropy of a homeomorphism. In §5 we examine the topological entropy of Bogljubov automorphisms of the algebras E(H); we show (Theorem 5.4) that if H is a Hilbert bimodule over B where B is finite dimensional then every Bogljubov automorphism of E(H) has topological entropy zero. The fact that we are only able to give results of this sort when B is finite dimensional parallels the current state of knowledge about the topological entropy of automorphisms of reduced amalgamated free product C * -algebras; see the results and questions in [9] .
We have outlined above the contents of the entire paper except for §1; there we collect some results about exactness of crossed product C * -algebras and the topological entropy of some automorphisms of them.
STANDARD NOTATION.
We will use the convention N = {0, 1, 2, . . .}. The words endomorphism, homomorphism, automorphism and representation when applied to C * -algebras will mean * -endomorphism, * -homomorphism, * -automorphism and * -representation.
PRELIMINARIES ON CROSSED PRODUCTS.
In this section, we will describe and prove some results about topological entropy in crossed product C * -algebras. These results are applications of Proposition 2.6 of Brown and Choda's paper [3] , which is in turn based on work of Sinclair and Smith [28] . It has come to our attention that M. Choda [4] has independently proved Proposition 1.2, but for completeness we will provide a proof here.
Let us begin by recalling the construction of reduced crossed products, thereby introducing the notation we will use. Let A be a C * -algebra with a faithful and nondegenerate representation σ : A → B(À), where À is a Hilbert space. Let G be a group taken with discrete topology and let
We then have
and the reduced crossed product C * -algebra A = A Ó α G is the norm closure of the linear span of
It is known that the C * -algebra A is independent of the choice of σ.
Lemma 1.1. Let A = A Ó α G be a reduced crossed product C * -algebra, as described above. Suppose β ∈ Aut(A) and β commutes with α g for every g ∈ G. Then there is a unique automorphism β ∈ Aut( A) such thatβ(π(a)λ g ) = π(β(a))λ g for every a ∈ A and g ∈ G.
Proof. Uniqueness is clear. In the notation used above, we may without loss of generality take the representation σ : A → B(À) to be so that the automorphism β is spatially implemented, i.e. so that there is a unitary V ∈ B(À) with V * σ(a)V = σ(β(a)) for every a ∈ A. Then equating ℓ 2 (G, À) with ℓ 2 (G) ⊗ À we have the unitary 1 ⊗V and
For the following theorem, let us note that the C * -algebra crossed product A Ó α G of an exact C * -algebra A by an action of an amenable countable group G is exact by [16, (β) . We will use the notation from the beginning of this section and we will denote byπ : A → B(ℓ 2 (G, À)) the inclusion arising from the construction. In order to show that ht(β) ≤ ht(β), it will suffice to show that ht(π,β, ω, δ) ≤ ht(β) for every δ > 0 and for every finite subset ω of {π(a)λ g | a ∈ A, g ∈ G}. Let ν and K be finite subsets of A and respectively G, so that ω ⊆ {π(a)λ g | a ∈ ν, g ∈ K}. Let η > 0 and let F be a finite subset of G so that |F ∩gF| ≥ (1−η)|F| for every g ∈ K; (F exists by amenability of G). Let ν ′ = {α t −1 (a) | a ∈ ν, t ∈ F}, let n be a positive integer and let
be completely positive contractions such that for every a ∈ ν and every j ∈ {0, 1, . . . , n − 1}, 
If g ∈ K andã = β j (a) for some 0 ≤ j ≤ n − 1 and a ∈ ν then for every t ∈ F ∩ gF we have
We could have chosen η so small that η a + 1 < δ for every a ∈ ν, which would have given the estimate
We now turn to the crossed product A Ó α N of a C * -algebra A by a single endomorphism α;
this construction was introduced by Cuntz [5] , when he described his algebras O n as crossed products of UHF algebras by endormorphisms. Later [6, p. 101] he pointed out that this construction applies more generally. See Stacey [30] for a more detailed discussion, including the nonunital case, (we consider only his multiplicity one crossed product). If A is a C * -algebra and if α is an injective endomorphism of A, let A be the inductive limit of the system A α → A α → · · · , with corresponding injective homomorphisms µ n : A → A, (n ∈ N). Let p denote the element µ 0 (1) of A if A is unital, and the corresponding element of the multiplier algebra of A if A is nonunital. There is an automorphism α of A given by α(µ n (a)) = µ n (α(a)), with inverse µ n (a) → µ n+1 (a). Then the crossed product A = A Ó α N is defined to be the hereditary C * -subalgebra p A Ó α Z p of the crossed product of A by α. The map µ 0 followed by the embedding of A into A Ó α Z gives an embedding π : A → A, and the compression by p of the unitary in A Ó α Z implementing α is an isometry S belonging to A if A is unital and to the multiplier algebra of A if A is nonunital, and satisfying
If A is unital then A is the universal unital C * -algebra generated by a copy π(A) of A and an isometry S satisfying (1); if A is nonunital then A satisfies a similar universal property and is the closed linear span of the set of all elements of the forms π(a)S k and (S * ) k π(a) for k ≥ 0 and a ∈ A; see [30] . Proof. The C * -algebra A, being an inductive limit of exact C * -algebras, is exact. Now [16, Propo-
The following lemma follows easily from the universal property for the crossed product by an endormorphism, but we will exhibit the automrphismβ directly, for use in the next proposition. 
Proof. Uniqueness is clear. Let
gives rise to an automorphism β of A that commutes with α. Let γ be the automorphism of A Ó α Z arising from β via Lemma 1.1. Then γ( A) = A and the restriction of γ to A is the desired automorphismβ. Proof. Let us use the notation of the proof of Lemma 1.4. Then we have
where the inequalities follow from monotonicity of ht and the equality follows from Proposition 1.2. However, Brown's result [2, Proposition 2.14] on inductive limit automorphisms gives ht(β) = ht(β).
EXACTNESS OF THE CUNTZ-PIMSNER ALGEBRAS.
In this section we prove that the extended Cuntz-Pimsner algebra E(H) and the Cuntz-Pimsner algebra O(H) of a Hilbert B, B-bimodule H are exact C * -algebras whenever B is an exact C * -algebra. We begin by reviewing Pimsner's construction [23] of these algebras and some facts about them.
Let B be a C * -algebra and let H be a Hilbert bimodule over B. By this we mean that H is a right Hilbert B-module with an injective homomorphism B → Ä(H); we further assume that
n be the full Fock space over H; here H (⊗ B )n denotes the n-fold
is a bounded adjointable operator on F (H). These l(h) are called creation operators and satisfy the relations
(where his notation is T H ). Since we assumed that B is generated by the set of inner products h 1 , h 2 , the copy of B acting on the left of F (H) is contained in E(H). Pimsner showed [23,
Theorem 3.4] that E(H)
is in fact the universal C * -algebra generated by B and elements l(h), satisfying relations (2) and (3). The orthogonal projection onto B ⊂ F (H) defines a canonical conditional expectation E from E(H) onto B.
subspace of H and if B ′ is a C * -subalgebra of B such that 
mentioned early in this section, we see that E(H) is the direct limit of the E(H ′ λ ). Hence we may and do assume without loss of generality that B and H are separable.
Let
, it will be sufficient to prove that E( H) is exact. Denote by ξ ∈ H the vector 0 ⊕ 1 B , and let L = l(ξ). Then L satisfies the following relations:
The C * -algebra E( H) is the closed linear span of the set of all elements of the form
Consider the unitary α t :
. Note that t → β t is an action of the group T = R/Z on E( H). Let A be the fixed point subalgebra of β, i.e. A = {a ∈ E(H) | ∀t ∈ T β t (a) = a}. Claim 2.1.1. A is the closed linear span of the set of operators of the form (4) for which #{i :
Proof. If W is of the form (4) then β t (W ) = e 2πi(#{i:g(i)=·}−#{i:g(i)= * })t W . Hence if #{i :
then T can be approximated by a linear combination of operators of the form (4). Since Φ(T ) = T by assumption, it then follows that T can be approximated by a linear span of operators of the form (4) for which #{i : g(i) = * } = #{i : g(i) = ·}. This proves Claim 2.1.1.
Proof. It is sufficient to show that any operator W of the form (4) can be written as
V ∈ C denote the isometry arising from the crossed product contruction and implementing Ψ; thus we have VaV * = Ψ(a), a ∈ A. As is well known, there exists a continuous family (γ t ) t∈T of automorphisms γ t of C, such that γ t (V ) = e 2πit V , and γ t (a) = a for every a ∈ A, (where we identify the circle T with R/Z). Let Γ : C → A be the conditional expectation Γ(T ) = Proof. Denote by A n the subspace of A that is the closed linear span of the set of words of the form
with m ≤ n, and for which #{i : g(i) = ·} = #{i : g(i) = * }. Note that, in light of equations (2) and (3), we may without loss of generality assume that in
Now it is easily seen that A n is a C * -subalgebra of A and that B = A 0 ⊂ · · · ⊂ A n ⊂ A n+1 ⊂ A is an increasing sequence of subalgebras with Ë n≥1 A n dense in A. Hence it will suffice to prove that each A n is exact.
Denote by π n the restriction and compression of the representation of A n on
A n acts on F ( H) as π n (A n ) ⊗ 1, it follows that π n is a faithful representation.
Let I n ⊂ A n be the closed linear span of the set of all words of the form
Using the relations (2) and (3) one easily sees that I n is a closed two sided ideal of A n . Moreover, observing the action of π n (I n ) on F n ( H) one easily sees that, with respect to the decomposition 
Thus A n /I n is isomorphic to A n−1 , and the canonical inclusion A n−1 ֒→ A n provides a splitting for the short exact sequence 0 → I n → A n → A n /I n → 0.
We now show exactness of A n by induction on n. For n = 0, A 0 ∼ = B is exact by assumption.
Having restricted to the separable case, we have that H (⊗ B )n is separable and hence Ã( H (⊗ B )n ) is an exact C * -algebra by the Kasparov stabilization lemma [14] . Using the induction hypothesis that A n−1 is exact, we find that in the split exact sequence 0 → I n → A n → A n /I n → 0 the algebras Given a C * -algebra B and a completely-positive map η : B → B ⊗ M n×n (C) the C * -algebrâ Φ(B, η) was constructed in [27] . This algebra is a subalgebra of E(H), where H is the Hilbert B, B bimodule associated to η (see [25] ). Since B ⊂Φ(B, η), from Theorem 2.1 we immediately have the following. 3. EXACTNESS OF REDUCED FREE PRODUCT C * -ALGEBRAS. Theorem 2.1 can be used to give a new proof of the recent result [8] that the class of exact unital C * -algebras is closed under taking reduced amalgamated free products; this alternative proof will be given in section 4 below. In this section, however, we give an easier argument that makes use of Theorem 2.1 and proves a special case, namely that every reduced free product (with amalgamation over the scalars) of exact C * -algebras is exact. (See [10] for an easier version of the argument of [8] in a special case.)
In light of Example 1.4 of [11] , (see also Question 1 of [1] and the answers provided), one must be careful about embeddings of reduced free products of C * -algebras. Thus we provide a proof of the following lemma. 
Then there is a Hilbert B, B-bimodule H and an injective homomorphism π : A → E(H) such that letting E : E(H) → B be the canonical vacuum expectation, we have
Proof. Let H be the Hilbert B, B-bimodule associated to ρ. This means that H is obtained by separation and completion of the algebraic tensor product B⊗ alg B with respect to the norm induced by the B-valued inner product
or, in other notation, H = L 2 (B, ρ) ⊗ C B. Denote by ξ ∈ H the vector 1 ⊗ 1. Let E : E(H) → B be the canonical vacuum expectation given by compression with the projection F (H) → B. Consider C = C * (l(ξ)) ⊂ E(H). By [26] , the restriction of the conditional expectation E : E(H) → B to C is scalar-valued; we denote this restriction by ψ. In fact, as is easily seen, C is isomorphic to the algebra of Toeplitz operators generated by the nonunitary isometry l(ξ) and ψ is the state whose support is 1 − l(ξ)l(ξ) * . We have by [26, Theorem 2.3 ] that E(H) is a reduced free product,
The algebra C contains a unitary u with the property that ψ(u k ) = 0 for all k ∈ Z \ {0}; for example, u can be obtained by contiunuous functional calculus from the semicircular element l(ξ) + l(ξ) * . Then by 
EXACTNESS OF REDUCED AMALGAMATED FREE PRODUCT C * -ALGEBRAS.
In this section, we give an alternative proof, using Theorem 2.1, of the result [8] that the class of exact unital C * -algebras is closed under taking reduced amalgamated free products. 
be the reduced amalgamated free product of C * -algebras and let
Then there is a Hilbert A, A-bimodule H such that A is isomorphic to a C * -quotient of a C * -subalgebra of E(H).
Proof. 2 ∈ B} and consider the conditional expectation φ = φ 1 ⊕φ 2 : A → D and the completely positive map η : A → A given by η (a 1 , a 2 ) = (φ 2 (a 2 ), φ 1 (a 1 )).
Note that η takes values in D and that η • φ = η. We now consider the η-creation operator L; this construction was introduced by Speicher [29] and Pimsner [23] , and proceeds as follows. We take the Hilbert A, A-bimodule H which is obtained by separation and completion of the algebraic tensor product A ⊗ alg A equipped with the natural left and right actions of A and with the inner product
We let ξ ∈ H be the element corresponding to 1 ⊗ 1 ∈ A ⊗ A; taking the Fock space F (H) we let L = l(ξ) ∈ E(H) ∈ Ä(F (H)) be the corresponding creation operator. As is well known and is easily seen using equations (2) 
Claim 4.1.2. P is a projection, W is a partial isometry, W = W * and W 2 = P.
Proof. The creation operator L is easily seen to be an isometry; thus P is a projection. Clearly
and then that W 2 = P. So Claim 4.1.2 is proved.
and let π be the GNS representation of arising from the conditional expectation ψ. Then
Proof. We must show that
for all integers k, ℓ ≥ 0 and q j , q ′ j ≥ 1 and all a j a ′ j ∈ A. We will show (7) by induction on k + ℓ.
1 is in the kernel of E, hence also of ψ. Suppose now k + ℓ > 0. Writing a j = (a j − φ(a j )) + φ(a j ) and similarly for a ′ j and then distributing, we may assume that each a j and each a ′ j lies either in ker φ or in D.
Note also that
and we may use the induction hypothesis to conclude that (7) holds; similarly if a ′ j ∈ D for some 1 < j ≤ ℓ then (7) holds. Hence we may assume that a j ∈ ker φ for every 1 < j ≤ k + 1 and a ′ j ∈ ker φ for every 1 has been replaced by its expectation under ψ then we can see that ψ(z) = 0 by using the induction hypothesis; indeed, we write y j = W q j − ψ(W q j ) for each y j appearing in z and similarly for each y ′ j and then we distribute; this expresses z as a sum of terms to each of which the induction hypothesis applies to show has expectation zero under ψ. We are left to show only that
But this holds by the freeness proved in Claim 4.1.1. Thus the proof of Claim 4.1.3 is finished. Proof. This follows from the fact that φ 1 and φ 2 have faithful GNS representations.
The inner product arising from the GNS construction for ψ gives a mapψ : 
Consider the subalgebras
which we denote σ 1 and σ 2 , respectively. That σ 1 sends N to B and conjugatesψ M ι to φ 1 is straightforward to see. We have N ⊆ M 2 because π (b, 0) = V π (0, b) V for every b ∈ B, and this also shows that N is mapped by σ 2 onto B. We must show that
. It is easily seen using (6) that ψ(W ) = 0. This and the freeness result proved in Claim 4.1.1 show that ψ W (0, a 2 − φ 2 (a 2 ))W = 0, while since φ 2 (a 2 ) ∈ B we have
Hence (8) holds and (c) is proved.
To prove (d) it will suffice to show thatψ(x) = 0 whenever x = x 1 x 2 · · · x n where n ≥ 1, x j ∈ M ι j ∩ kerψ and ι 1 = ι 2 , ι 2 = ι 3 , . . . , ι n−1 = ι n . Writing
we find thatψ(x) =ψ • π(y) = π •ψ(y) where y = y 1 y 2 · · · y n and
Rewriting y as a product of W 's alternating with (0, a j )'s and (a j , 0)'s, using that each (a j , 0) and (0, a j ) lies in ker ψ, that ψ(W ) = 0 and the freeness proved in Claim 4.1.1, we find that ψ(y) = 0. This finishes the proof of Claim 4.1.5.
We now finish the proof of Proposition 4.1. By properties of the free product construction, A is isomorphic to the image of
is itself a subalgebra of a quotient of a subalgebra of E(H). Finally, the property of being a quotient of a subalgebra of a given C * -algebra is preserved under taking quotients and subalgebras.
Corollary 4.2 ([8])
. Let B be a unital C * -algebra and let A 1 and A 2 be unital C * -algebras each containing a copy of B as a unital C * -subalgebra and having a conditional expectation φ ι : A ι → B whose GNS representation is faithful. Let
be the reduced amalgamated free product of C * -algebras. Then A is an exact C * -algebra if and only if A 1 and A 2 are exact.
Proof. Since A 1 and A 2 are C * -subalgebras of A, exactness of A implies that of A 1 and A 2 .
For the converse, suppose A 1 and A 2 are exact and let A = A 1 ⊕ A 2 . Then A is an exact C * -algebra. By Theorem 2.1, E(H) is an exact C * -algebra whenever H is a Hilbert A, A-bimodule. Using Proposition 4.1, the well known fact that C * -subalgebras of exact C * -algebras are exact and Kirchberg's result [16] that exactness passes to quotients, we have that A is exact.
BOGLJUBOV AUTOMORPHISMS.
In this section we consider the analogues of Bogljubov automorphisms on the extended CuntzPimnser algebras E(H) when H is a B, B-bimodule and we prove that if B is finite dimensional then the topological entropy of every Bogljubov automorphism is zero. We begin, however, by showing that if B is a finite dimensional C * -algebra and if H is a Hilbert B-module then every countably generated Hilbert B-submodule of H is complemented in H. We are convinced this is well known, but we don't know of a reference. Proof. Let e 1 , . . . , e n be minimal projections in B such that e 1 + e 2 + · · · + e n = 1. We may without loss of generality assume that for every x ∈ X , x = xe ℓ for some ℓ ∈ {1, . . . , n}. Let X = {x 1 , x 2 , . . .} be an enumeration of X and let ℓ j be such that x j = x j e ℓ j . Note that x 1 , x 1 = x 1 2 e ℓ 1 and let 
Note that w n = w n e ℓ n ; let
Letting V = {v j | v j = 0} does the job.
Although we will only apply the following proposition when the submodule K is assumed to be finitely generated, for sake of completeness we would like to give the more general result. Proof. Let X be a finite or countable set such that the submodule of H generated by X is dense in K. Let V be the set obtained form X using the Gram-Schmidt procedure of Propositon 5.1. We shall define P : H → H by
where when V is infinite we shall show that the sum converges in H. Suppose first that V is finite.
Then easy calculations show that P ∈ Ä(H), P 2 = P = P * and consequently P ≤ 1. Now suppose that V is infinite and enumerate it by V = {v 1 , v 2 , . . .}. For every positive integer n and h ∈ H let P n h = ∑ n j=1 v j v j , h . Then by the result for the case of V finite we have
For every state φ on B, the sequence φ P n h, P n h ∞ n=1 is a bounded and increasing sequence of positive numbers, hence converges. Therefore the sequence P n h, P n h ∞ n=1 converges in B. Then for m < n we have that
and the right-hand-side tends to zero as m → ∞. Therefore the sequence (P n h) ∞ n=1 is Cauchy in H, hence converges in H. We may thus define Ph = ∑ ∞ j=1 v j v j , h . From the corresponding facts for the finite dimensional case we obtain that P ∈ Ä(H), P 2 = P = P * and P ≤ 1.
It remains to show that PH = K. If V is finite then this is clear, so suppose V is infinite. Given h ∈ H we have Ph = lim n→∞ P n h and P n h ∈ K, so Ph ∈ K. Given k ∈ K then for all ε > 0 there are n ≥ 1 and k ε ∈ span {v 1 , . . . , v n } such that k − k ε < ε. But Pk ε = k ε and hence Pk − k ≤ 2ε + Pk ε − k ε = 2ε. Therefore Pk = k. Definition 5.3. Let B be a C * -algebra and let H be a Hilbert B, B-bimodule such that { h 1 , h 2 | h 1 , h 2 ∈ H} generates B; suppose that U : H → H is a C-linear map such that for some automorphism β of B we have
(Note that β is uniquely determined by U and the first of the above equations.) Then there is an automorphism
We call E(U ) the Bogljubov automorphism of E(H) associated to U . 
( U) of E( H). Now E(H) is canonically embedded in E( H) and the restriction of E( U) to E(H) is E(U )
; by the monotonicity of ht, which was proved in [2, Proposition 2.1], it will therefore suffice to show that ht(E( U)) = 0.
As in the proof of Theorem 2.1, E( H) is isomorphic to the crossed product C * -algebra A Ó Ψ N, 
that ht(E( U)) = ht(E( U) A ). Let γ denote the automorphism E( U) A of A.
Let τ : B → Ä(Î) be a faithful unital representation of B on a Hilbert space Î and let π denote the representation of A which is the inclusion A ֒→ Ä(F ( H)) followed by the representation x → x ⊗ 1 of Ä (F ( H) ) on the Hilbert space F ( H) ⊗ τ Î. We must show ht(γ) = 0 and to do so it will suffice to show that ht(π, γ, ω, δ) = 0 for every δ > 0 and every finite subset ω of Ω. Given a finite subset ω ⊆ Ω there are n ∈ N and a B, B-subbimodule K of H that is finite dimensional as a C-vector space and such that ω ⊆ Ω(n, K) where
Recall the definition of F n ( H) from the proof of Claim 2.1.4 and let P n ∈ Ä(F ( H)) denote the projection onto F n ( H). Consider the completely positive contractions 
Clearly F n (K p ) is a finite dimensional B, B-subbimodule of F n ( H). By Proposition 5.2, there is Q n,p ∈ Ä(F n ( H)) which is the projection onto F n (K p ); note that Q n,p commutes with the left action of B on F n ( H). Consider the completely positive contractions Θ n,p :Ä(F n ( H)) → Ä(F n (K p )), Θ n,p (x) = Q n,p xQ n,p ϒ n,p :Ä(F n (K p )) → Ä(F n ( H)), ϒ n,p (y) = Q n,p yQ n,p +V * B,n yV B,n (1 − Q n,p )
where V B,n ∈ Ä(B,F n ( H)) maps B to the submodule B ⊕ 0 of F n ( H) via b → b ⊕ 0. Since l(h) * (1 − Q n,p ) = 0 whenever h ∈ K p , we see that Ψ n • ϒ n,p • Θ n,p • Φ n (x) = x for every x ∈ Ω(n, K p ). As Ä(F n (K p )) is a finite dimensional C * -algebra, we have that rcp(π, ω ∪ γ(ω) ∪ · · · ∪ γ p−1 (ω), δ) ≤ rank Ä(F n (K p )).
As the C * -algebra Ä(F n (K p )) can be faithfully represented on the Hilbert space F n (K p ) ⊗ B Î, making a crude estimate we get
Because this upper bound grows subexponentially as p → ∞, we conclude that ht(π, γ, ω, δ) = 0.
